The body defined by a finite collection of disks is a subset of the plane bounded by a tangent continuous curve, which we call the skin. We give analytic formulas for the area, the perimeter, the area derivative, and the perimeter derivative of the body. Given the filtrations of the Delaunay triangulation and the Voronoi diagram of the disks, all formulas can be evaluated in time proportional to the number of disks.
Introduction
In this paper, we are concerned with a geometric design paradigm that uses weighted points to control planar geometric shapes with tangent continuous boundaries. Specifically, we give formulas for measuring the area, the perimeter, the area derivative, and the perimeter derivative of such shapes.
Motivation. The primary motivation for the work in this paper is the automated design of geometric shapes with variable connectivity. This is the central problem in topology optimization, which is a field of research within mechanical engineering [1, 2] . The shape is computed by iterative improvement within a global design cycle. The main ingredients to the methods are £ a data structure representing the geometric shape; £ a representation of the spatial domain that contains that shape;
The main requirements for the shape data structure are flexibility and measurability. A single iteration of the design cycle determines local changes to the shape, and the data structure ought to be flexible enough to implement the changes in shape and its topology. The local changes are computed through a stability analysis of the shape, which is based on local and global measurements of size and size derivatives.
A viable data structure for geometric shape is the skin and body representation introduced in [10] . In three dimensions, a skin is a tangent continuous surface defined by a finite collections of spheres. Its ability to smoothly deform from one shape to another has been studied in [7] , and an algorithm for constructing and maintaining a mesh representing the surface has been described in [5] . We are still lacking a fast algorithm that measures the skin surface and the subset of space it bounds. This paper describes such an algorithm for the two-dimensional case, where the skin is a tangent continuous curve defined by a finite collection of disks [8] . The problems in two and three dimensions are principally the same, except that there are more and mathematically more challenging cases in three dimensions. We thus believe that the results presented in this paper can be used as a blue-print for the development of similar measuring algorithms in three dimensions.
Results. Let § be a finite collection of disks in the plane. The geometric shape defined by § is a subset of the plane which we refer to as the body of §
. Its boundary is a closed and tangent continuous but not necessarily connected curve, which we refer to as the skin of § of the hyperbola, and a formula for the age will be given in Section 4. In Case, the focus is
and the age is
.
Size
In this section, we study relations between the skin and the alpha and beta filtrations, and we use these relations to derive formulas for measuring the sizes of the skin, the body, and their decompositions by the mixed complex.
Results. We begin by stating the results. We consider four measures and express each by a sum over all mixed cells. For each¨£ , we consider the area of the body within¨£ , the length of the skin within¨ £ , the length of its boundary within the body, and the number of intersections of its boundary with the skin:¨£
T he area and perimeter are important measures in their own right, and the length and cardinality of the decompositions are used in the formulas of the area and perimeter derivatives given in Section 4. , and over all triangles
of the Delaunay triangulation. Each line segment and each point in the decompositions of the body and the skin belong to exactly two mixed cells. Exactly one of any such pair is a double-index mixed cell, which explains why the sums for # and $ range only over this one type. In the remainder of this section, we express all terms in the sums by formulas involving the the centers and radii of the given and the orthogonal disks. Formulas for the¨£ are given in Equations (3), (5) , and (9), formulas for the £ are given in Equations (4), (6) , and (10), and formulas for the # ¤ E and $
¤ E
are given in Equations (7) and (8) . are the area of the body and the length of the skin, both clipped to within¨¤ . There is more than one way to compute the two, and we choose to use inclusion-exclusion, as described in [9] . To explain this, we introduce the star of 
¦E f
. Analytic formulas for the length and area of these pieces are not difficult to compute. The portions inside P ¤ can be written as alternating sums of these pieces, and we get the area and the perimeter inside¨¤ after appropriate scaling:
Both sums range over all simplices , and finally shrinking the intersection by a factor . This is illustrated in Figure 7 . We can be written as alternating sums of these pieces, and we get the area and the perimeter inside¨¤ E e d after scaling and taking the complement:
Both sums range over all Voronoi vertices and edges
. We note that these sums can be simplified by replacing paths in the link by single edges. Specifically, each Voronoi polygon are given in Equations (32) to (37). As illustrated in Figure 8 , the terms in the above equations are matrices. In computing the formulas, we exploit the linearity of the derivative and consider each disk separately. We also distinguish between the motion of a disk, which is caused by varying its center, and its growth, which is caused by increasing or decreasing its radius. As can be seen from the statement of the Derivative Theorem, we look at each mixed cell separately, and we determine how motion and growth affect the mixed cells and the skin and body within the cells. The change of the skin and body is the accumulation of the changes that happen within individual mixed cells. We begin with a detailed look at how a hyperbola depends on the two disks that define it.
Focus and age of a hyperbola. We express the focus and age of a hyperbola in terms of the centers and radii of the two defining disks,
. See Figure 9 for the notation used for the computations. We let ¨¤E be the distance between the intersection points of the two circles, which is imaginary if the disks are disjoint. The square distances of the centers to the bisector are A % E is illustrated in Figure 11 . We may use Equation (11) to express B ¤ E in terms of radii and distances defined by orthogonal disks. The first matrix on the right side of Equation (18) Figure 12 . Again, we consider the three types of mixed cells in turn. 
Case

E g
. The circle within¨¤ does not slide but it ages at the rate half the growth rate. Hence
Discussion
This paper presents analytic formulas for the area, the perimeter, the area derivative, and the perimeter derivative of the body defined by a finite collection of disks in the plane. Given the filtrations of the Delaunay triangulation and of the Voronoi diagram, these formulas can be evaluated in time proportional to the number of disks. However, the formulas are fairly involved, and it would be worthwhile to double-check them, possibly experimentally by comparing the derivatives with changes computed by evaluating the area and perimeter formulas.
Although this paper completely settles the question it studies, there is much further work still to be done. The generalization of the formulas from two to three dimensions is perhaps the most important next step. It would also be interesting to analyze the second derivatives, which could be useful in accelerating the global design cycle of topology optimization. Finally, we note that three-dimensional bodies are natural representations of molecular conformations. It would thus be interesting to see whether or not the formulas developed in this paper are useful in the simulation of dynamic molecular processes. In this context, we mention the weighted area derivative of a union of balls, which is used to estimate the hydrophobic effect in implicit representations of the solvent [4] . That derivative has discontinuities along a measure-zero subset of the state space. We expect that the derivative of the area of a skin surface has fewer and milder discontinuities, which is an advantage in large scale simulations.
